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Abstract-In this paper, we study an extension of generalized variational inequalities studied 
by Fang and Peterson [I]. Several existence results without contractibility are derived. Various 
topological properties of the solution sets are investigated. In particular, several uniqueness results 
are obtained. 
1. INTRODUCTION 
Let (. , .) be the standard inner product on R”, letKbeasubsetinlR?,andlet~:K+lR”bea 
multi-valued mapping. The generalized variational inequality problem, denoted GVIP( K, p), is 
concerned about the solution (ze, yc) to the following conditions: 
(I) xo E K, 
(2) Yo E Axe), 
(3) for any 2 E K, (yo,x - x0) 2 0. 
The GVIP(K, p) was extensively studied by Fang and Peterson [l]. In this paper, we shall 
consider the following extension of the GVIP(K, CL). Let A : IP + KY. The extended generalized 
variational inequality problem, denoted EGVIP(K, ~1, A), is to find (xc, yc) such that 
(1) 20 E K, 
(2) YO E Azo), 
(3) for any zr E K, (Ayo,x - x0) 2 0. 
When A is the identity mapping of Wn, i.e., A(x) = x for all x E R”, the EGVIP reduces to 
the GVIP. In Section 2, we shall give some preliminaries, in Section 3, we shall derive several 
existence results for the EGVIP, and finally in Section 4, we shall discuss various topological 
properties of the solution sets. In particular, several uniqueness results are obtained. 
2. PRELIMINARIES 
For what follows, X and Y will represent subsets in R”. 
DEFINITION 2.1. Let p : X --+ Y be a point-tcFset mapping. Subset {(x,y) 1 2 E X, y E p(z)} 
of X x Y is called the graph of p and is denoted by G(p). 
DEFINITION 2.2. Let b : X + Y be a point-to-set mapping. If G(p) is a closed set in X x Y, 
then we say that p is upper continuous (or closed) on X. 
DEFINITION 2.3. Let p : X -+ Y be a point-to-set mapping and let x E X. If x, -+ x in X and 
yn -+ y in Y with yn E p(xn) * y E p(x), then we say that p is upper continuous at x. 
Tyv=t by A_@-W 
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REMARK 2.1. 
(1) Thus, p is upper continuous 
e+ for any (xc, y) E X x Y and (sn,yn ) E G(p), (~7 ~ln) + (~3 Y) * (~7 Y) E G(p) 
M for any x E X, if x, -+ x in X and yin + y in Y with yn E p(xn), then y E p(x), 
i.e., for any x E X, ,u is upper continuous at x. 
(2) Obviously, if p is upper continuous at x, then p(x) is closed in Y. 
DEFINITION 2.4. A point-t&set mapping 1-1 : X -+ Y is said to be uniformly compact near 
x E X (or locally bounded at x E X) if there exists a neighborhood U of x in X such that 
p(U) = &up(t) is bounded. 
DEFINITION 2.5. If ,u is uniformly compact near x for any x E X, then ,u is said to be uniformly 
compact on X. 
REMARK 2.2. If we assume that Y is closed in Iw” and x E X, then if p : X -+ Y is upper 
continuous at x and uniformly compact near x, we will have p(x) compact. 
DEFINITION 2.6. Let p : X --f Y be a point-to-set mapping and x0 E X. If for any open set V 
in Y with ~(20) C V, there exists a neighborhood U of x0 in X such that p(U) G V, then we 
say that p is upper semicontinuous at x0. 
DEFINITION 2.7. If for any x E X, p : X --) Y is upper semicontinuous at x, then we say ~1 is 
upper semicontinuous on X. 
LEMMA 2.1. [2]. Let p : X + Y be a point-to-set mapping and let x E X. If the closure of 
Y\,$x) is compact and ~1 is upper continuous at x, then p is upper semicontinuous at x. 
The following lemma is the theorem in [3, p. 1101. 
LEMMA 2.2. If p : X --) Y is upper semicontinuous and p(x) is compact for any x E X, then 
for any compact set K s X, p(K) is compact. 
THEOREM 2.1. If p : K -t Iw” is upper continuous and uniformly compact on K and if K is 
compact, then p(K) is compact. 
PROOF. We follow the instruction preceding Lemma 2.6 in [4]. For any x E K, choose a neighbor- 
hood U of x in K such that p(U) is bounded. The closure p(U) of p(U) is thus compact. Consider 
now the mapping ~11~ : U -+ p(U), where plu is the restriction of ,LL to U. By Lemma 2.1, ,uJ~ 
is upper semicontinuous at x and hence p : K -+ IFP is upper semicontinuous at x. Then, by 
applying Lemma 2.2, we see that p(K) is compact. 
REMARK 2.3. In [4], it is pointed out that if p is upper continuous and compact-valued, but not 
uniformly compact, then for a compact K, p(K) may not be compact, e.g., K = [l, 21 5 R and 
u : K -+ R is defined as: 
1 
/J(x) i” x-l for 1 < 2 5 2 = 
(-11 for 2 = 1. 
Then p(K) = p([l, 21) = (-1) U [l, co) is not compact. 
DEFINITION 2.8. A topological space X is said to be contractible if there exist x0 E X and a 
continuous mapping q5 : [0, l] x X -+ X such that 4(0, t) = t and qS(l, t) = x0 for any t E X. 
DEFINITION 2.9. A compact metric space X is said to be acyclic if 
(1) X # 0, 
(2) the homology group H,(x) vanishes for any n > 0, and 
(3) the reduced Oth homology group &O(X) vanishes. 
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REMARK 2.4. 
(1) It is known that any compact contractible space is acyclic, but not conversely (see, e.g., [5]). 
Since any convex space is contractible, a compact convex space is acyclic. 
(2) Also, it is known that the product of two acyclic spaces is acyclic (see, e.g., [6]). 
DEFINITION 2.10. A space Y is said to be an absolute retract (or absolute neighborhood re- 
tract(ANR)) if g iven a normal space X, closed subset A C X and a map f : A --) Y, f can be 
extended over X (or extended over some neighborhood of A in X). 
LEMMA 2.3. The product of finitely many ANR’s is also an ANR. 
LEMMA 2.4. Any nonempty compact convex subset of Iw” is an acyclic absolute retract and 
hence an acyclic ANR. 
THEOREM 2.2. [7]. Let M be an acyclic absolute neighborhood retract and let T : M -+ M be 
an upper continuous point-t&set mapping such that for any x E M, T(x) is acyclic. Then T 
has a fixed point, i.e., there exists an zo E M such that ~0 E T(xo). 
NOTATION. For K, B C It”, intK(B) and am d enote the relative interior and relative bound- 
ary of B in K, respectively. For K c lRn and T > 0, K,- denotes the set {x E KJ )1x)) 5 r} . 
3. EXISTENCE 
In this section, we shall derive several existence results for the EGVIP. First, we have the 
following lemma. 
LEMMA 3.1. Let K, E be sets in IWn and let A : W + Rn be a continuous single-valued mapping. 
For any y E E, define 
Then 
rK(Y) = x E K 1 (AY,~) = z$(Ay,s) . 
{ 1 
(1) TK : E --f K is a point-to-set mapping, 
(2) TK is upper continuous on E, 
(3) if K is compact, then for any y E E, KK( y) # 0 an is compact; if, furthermore, K is d 
convex, then rK(y) is convex. 
PROOF. Since (1) and (3) are quite obvious, we prove only (2). If yn --) y in E and x, ----f x in K 
with zn E nK(yn), then (Ay, x,) = y$n(Ay,, s). Thus, for any s E K, (Ayn, x,) I (Ayl,, s). By 
passing to the limit, we get (Ay,x) 5 (Ay, s) for any s E K. Therefore, (Ay,x) = r$,$Ayn,s) 
and hence x E KK( y). So, TK is upper continuous at x. Since x is arbitrary, ?rK is upper 
continuous on E. 
We now have the following existence result for the EGVIP, where the domain is bounded. 
THEOREM 3.1. Assume that 
(1) K is a nonempty compact convex set in Iw”, 
(2) p : K + I[$” is a point-to-set mapping which is upper continuous, uniformly compact, and 
acyclic-valued, 
(3) A : R” + Rn is a continuous single-valued mapping. 
Then there exist x0 E K and yo E P(Q) such that for any x in K, (Aye, x - x0) > 0. 
PROOF. We follow the idea in (81. Since, by Theorem 2.1, p(K) is compact in Rn, we can find 
a compact convex set E containing p(K). Define a point-to-set mapping C$ : K x E + K x E 
by I = (OK,&)), h w ere TK is as in the above lemma. Then 4 is obviously upper 
continuous, and for any (x, y) E K x E, since rK(y) is compact convex, f$(z, y) = rK(y) X p(2) is 
acyclic. Now, since K x E is compact, convex, and thus an acyclic ANR, by applying Eilenberg 
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and Montgomery’s fixed point theorem (i.e., Theorem 2.2 above), there exists an (~0, yo) E K x E 
with (Q,YO) E 4(~o,yo) = W(YO) x P(~co), i.e., there exist 20 E K and y,~ E ~(20) such that for 
any 2 E K, (Aye, X) 2 (Aye, 20) or, equivalently, (Aye, 5 - Q) L 0. 
REMARK 3.1. If in the above theorem, K is replaced by a compact contractible ANR, then we 
have to add the condition that r~(y) is contractible in order to make the theorem hold. 
When K is not necessarily bounded, we have the following existence result. 
THEOREM 3.2. Assume that 
(1) K is a nonempty convex set in IR”, 
(2) p : K -+ IF is a point-t&set mapping, 
(3) there exists a nonempty compact convex subset B of K such that 
(a) p : B -+ B” is upper continuous, uniformly compact, and acyclic-valued, 
(b) foranyz E OK, thereexistsanz* E intK(B)s.t.foranyy E P(X), (Ay,z*-X) 5 0. 
Then for any continuous single-valued mapping A : JR” -+ P, there exist 20 E K and yo E P(Q) 
such that for any z E K, (Ayo,z - ZO) 2 0. 
PROOF. By Theorem 3.1, there exist zo E B and yo E ,U(ZO) such that for any IC E B, (Aye, z - 
20) 2 0. Now, for any II: E K, if ~0 E intK(B), then there exists a 0 < X < 1 such that 
Xa: + (1 - X)zo E B, and thus, 
0 5 (Ayo, Xx + (1 - A) x0 - xo) I X&/o, x - xo), 
which implies (Ayo,a: - q,) > 0. On the other hand, if 50 E &(B), then, by (3b), there exists 
an X* E intK(B) such that for any y E I, (Ay,z* - ZO) < 0, and thus, (Ayo,z* - 20) I 0. 
Again, choose 0 < X < 1 such that Xs + (1 - X)X* E B. Then 
0 < (Aye, Xo + (1 - X)X* - 50) 
= (Aye, X(X - TO) + (1 - X)(X* - 20)) 
= X(Ayo, 5 - ~0) + (1 - X)(Ayo, CC* - TO) 
I YAyo, 2 - 201, 
which also implies (Aye, 2 - 20) 2 0. 
From all above, we see that (~0, yo) is a desired solution and the proof is complete. 
REMARK 3.2. 
(1) If K is also compact, then Theorem 3.2 reduces to Theorem 3.1. 
(2) If K is not convex, then for z E K and z’ E intK(B), there may not exist 0 < X < 1 with 
Xz + (1 - X)X’ E B, e.g., K = {(a,b) 1 a = 0 orb=O},B={(a,O)Il<a<2}, z= 
(0,l) and z’ = (i,O). 
COROLLARY 3.1. Assume that 
(1) K is a nonempty convex set in IP, 
(2) /_I, : K -+ lRn is a point-to-set mapping and A : IP -+ IP’ is a continuous single-valued 
mapping, 
(3) there exists an E C Wn such that 
(a) K n E is nonempty, compact, and convex, 
(b) p : K n E + Rn is upper continuous, uniformly compact, and acyclic-valued, 
(c) for any x E &(K n E) there exists an z* E intK(K n E) such that for any y E p(z), 
(Ay,z* - z) 5 0. 
Then there exist 50 E K and yo E ~(20) such that for any 5 E K, (Aye, z - 20) 2 0. 
PROOF. The result follows from Theorem 3.2 by letting B = K n E. 
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COROLLARY 3.2. Assume (l), (2), (3a), (3b) in Corollary 3.1 and assume also (3c’): for any 
z E K f~ a(E), there exists au z* E K n i&E) such that for any y E p(z), (Ay,z* - z) 5 0. 
Then there exist 20 E K and ye E ~(20) such that for any z E K, (Aye, z - ze) 2 0. 
PROOF. Note that Knint(E) C intx(KnE) and &(KnE) C Knd(E). Then condition (3~‘) 
+ condition (3~) and we are done. 
THEOREM 3.3. Assume that 
(1) K is a closed convex set in IV, 
(2) ~1 : K + IIF is an upper continuous, uniformly compact, and acyclic-valued point-to-set 
mapping and A : Iw” + Wn is a continuous single-valued mapping, 
(3) there exist z* E K and TO > 0 such that for any z E K, 
Then there exist zs E K and ye E ~(20) such that for any z E K, (Aye, z - 50) 2 0. 
PROOF. Choose p > max(re, llz*II). Then 
(a) KP is compact and convex, 
(b) p : K, -+ IP is upper continuous, uniformly compact, and acyclic valued, 
(c) for any 2 E &(K,), we have z* E intK(K,) and v~~ax(Ay, z* -LC) 5 0, i.e., (Ay, CC* -x) 5 
0, for any y E p(z). 
Therefore, by Theorem 3.2, there exist ze E K and ye E ~(20) such that for any zr E K, (Aye, z - 
20) 3 0. 
The following result is immediate from Theorem 3.3. 
COROLLARY 3.3. Assume that 
(1) K is a closed convex set in Wn, 
(2) p : K + Wn is an upper continuous, uniformly compact, and acyclic-valued point-to-set 
mapping and A : IP -+ R” is a continuous single-valued mapping, 
(3) there exists an z* E K such that 
limsup max (Ay,z* - z) < 0. 
11~11’~ ?JECl(s) IEK 
Then there exist ~0 E K and ye E p(ze) such that for any z E K, (Aye, LC - 50) 2 0. 
NOTE. The above condition (3) is equivalent to that 
lim inf inf (Ay, it: - z*) > 0. 
“=I~*~~ yE/.I(s) 
Also from Theorem 3.2, we have the following theorem. 
THEOREM 3.4. Assume that 
(1) K is a closed convex set in IIF, 
(2) p : K + R” is a point-to-set mapping and A : Rn -+ I* is a continuous single-valued 
mapping, 
(3) there exists a p > 0 such that p : KP + W’ is upper continuous, uniformly compact, and 
acyclic-valued, 
(4) there exists an z* E K such that ((z*(( < p and inf inf (Ay, 2 - x*) 2 0. 
ll;4=K” yE/.+) 
Then there exist 20 E K and ye E /J(Q) such that for any z E K, (Aye, z - 20) 2 0. 
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PROOF. Let B = KP. It can be checked that B and x* satisfy conditions in Theorem 3.2. Then 
the theorem follows from Theorem 3.2. 
DEFINITION 3.1. [4]. Let /I : K -+ JR” he a point-to-set mapping. Then, 
(1) p is said to be monotone over K if for any xi, 22 E K and for any yr E n(xr), y2 E p(xQ), 
we have (yi - y2,xl - x2) > 0; 
(2) n is said to be strictly monotone over K if for any XI, 22 E K with x1 # x2 and for any 
~1 E p(xl), YZ E &2), we have (~1 - y2,xl - ~2) > 0; 
(3) p is said to be strongly monotone over K if there exists an a > 0 such that for any 
21,x2 E K and for any yr E p(xr), y2 E p(x2), we have 
(Yl - !/2,x1 - x2) > QJJX1 - x2)12; 
(4) p is said to be b-monotone over K if there exists an increasing function b : [0, oo) -+ [0, 00) 
with b(0) = 0 and &mmb(r) = 00 such that for any xl, x2 E K and for any yr E p(zl), 
~2 E P(Q), we have (yr - ~2~x1 - ~2) 2 11x1 - mll b(llx~ - ~211); 
(5) ,U is said to be copositive at xc over K if x0 E K, and there exists a l/o E I such that 
(y - ye, x - x0) > 0 for any x E K and for any y E p(x); 
(6) p is said to be strictly copositive at x0 over K if x0 E K, and there exists a ya E p(xa) 
such that for any x E K with x # x0 and for any y E ,u(x), we have (y - ye, x - x0) > 0; 
(7) Jo is said to be strongly copositive at x0 over K if za E K and there exist (Y > 0 and ya E 
~(20) such that for any x E K and for any y E p(x), we have (y - ye, 2 - x0) 2 Q((X - x0/[; 
(8) ,U is said to be b-copositive at xc over K if xe E K and there exists an increasing function 
b : [0, 00) -+ [0, co) with b(0) = 0 and ,_hrrna b(r) = 00 and also there exists a ye E p(xe) such 
that for any x E K and for any y E p(x), we have (y - ye, x - x0) > 1(x - xe((b((lx - x01/). 
NOTE. If ,$x0) # 0, then monotonicity, strict monotonicity, strong monotonicity, and bmono- 
tonicity imply copositivity, strict copositivity, strong copositivity, and b-copositivity at xe, re- 
spectively. 
NOTATION. Let p : K -+ W be a point-to-set mapping and Iet A : W” -+ !R” be a single-valued 
mapping. Then pA : K + W will be the point-toset mapping defined by: PA(x) = { Ay I y E 
p(x)} for any x E K. 
By imposing some copositivity condition on PA, we have the following existence result. 
THEOREM 3.5. Assume that 
(1) K is a nonempty closed convex set in EP, 
(2) p : K -+ Rn is a point-to-set mapping which is upper continuous, uniformly compact, and 
acyclic-valued and A : W” -+ iRn is a continuous single-valued mapping. 
(3) there exists an x* E K such that point-to-set mapping pA : K -+ R” is b-copositive at x* 
on K. Then there exist xc E K and ye E p(xe) such that for any x E K, (Aye, x -x0) > 0. 
PROOF. 
(a) If K is bounded, then the theorem follows from Theorem 3.1. 
(b) If K is unbounded, then from (3), there exists an increasing function b : (0, 03) -+ [O,oo) 
with b(0) = O,rlim~b(r) = 00 and there exists a y* E p(x*) such that for any x E K, 
Y E cl(z), 
Then 
(Ay - Ay*,x -x*) = 112 - x*\jb(ljx -x*11). 
(Ay,x* -x) = -11x-x*Ilb(llx-x*11) -(Ay*,x-xi) 
I -lb - x*ll @(lb - x*ll) - llAs/*II) . 
So, 
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lim max (Ay,z* - z) = -oo. 
ll~ll+~ Ya4=) 
XEK 
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Consequently, by Corollary 3.3, there exist zcg E K and ye E P(Q) such that for any 
a:~K,(Ayo,z-~0)20. 
REMARK 3.3. Since strong copositivity implies b-copositivity, the conclusion of Theorem 3.5 
holds if pA is assumed to be strongly copositive at z* on K. 
The following results concern the monotonicity of PA. 
COROLLARY 3.4. Assume that 
(1) K is a nonempty closed convex set in Rn, 
(2) I_L : K -+ R” is a point-to-set mapping which is upper continuous, uniformly compact, and 
acyclic-valued and A : R” + R” is a continuous single-valued mapping, 
(3) PA is either b-monotone on K or strongly monotone on K. 
Then there exist x0 E K, yo E P(Q) such that for any z E K, (Ayo,z - ZO) 2 0. 
PROOF. This is immediate from Theorem 3.5. 
In case PA is only monotone over K, we have the following theorem. 
THEOREM 3.6. Assume that 
(1) K is a closed convex set in Rn, 
(2) p : K -+ Rn is a point-tcset mapping which is upper continuous, uniformly compact, and 
acyclic-VaIued and A : iw” -+ I[$” is a continuous single-valued mapping, 
(3) PA is monotone over K, 
(4) there exist CC* E K, y* E p(z*) such that 
lim sup(Ay*, X* - z) < 0. 
11211-= 
ZEK 
Then there exist ~0 E K and yo E ~(50) such that for any z E K, (Aye, x - ~0) > 0. 
PROOF. From (4), there exists an ro > 0 such that for any 2 E K with [[XII 2 TO, we have 
(Ay*, X* -z) 5 0. Since PA is monotone on K, for any y E P(X), (Ay, z* -CC) 5 (Ay*, CC* -CC) 5 0. 
The result then follows from Theorem 3.3. 
Before closing this section, we give an existence result for EGVIP which is not a direct 
consequence of the above theorems. 
THEOREM 3.7. Assume that 
(1) 
(2) 
Then 
(3) 
(4) 
K is a closed convex set in IR”, 
p : K -+ IF&” is a point-teset mapping which is upper continuous, uniformly compact, and 
acyclic-valued and A : Wn -+ Rn is a continuous single-valued mapping. 
there exists an TO > 0, such that for any p 2 ro there exist xp E Kp and yp E p(xp) such 
that for any z E Kp, (Ayo,z - 20) > 0, 
if the above {xp} has a convergent subsequence {x,,,}~=~, then there exist x0 E K, 
~0 E I such that for any z E K, (Aye, CC - ZO) 2 0. 
PROOF. To prove (3), simply choose rg such that KT,, # 0 and then apply Theorem 3.1. For (4)) 
let hheo have the convergence subsequence {x~,,}~!~, where p,, + 00 as n + 00. We rename 
zp, as x,, and let lim xn = x0. Then x, E KPn. 
?I*00 
From (3)) there exists a yn E ~(5,) such 
that for any x E Kp,,, (Ay,, 2 - 2,) 2 0. Since p is uniformly compact near 20, {Y~},“,~ is 
bounded and thus has a convergent subsequence. Without loss of generality, we may assume 
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{vn} converges and let lim yn = yo. We see that yo E P(Q), since p is upper continuous. Now, 
for any x E K, choose N large enough that x E KPN. Then for any n > N, x E KPn and hence 
(Ay,, z - zn) 2 0. By passing to the limit, we have (&0,x - x0) > 0. Thus, the theorem is 
proved. 
4. PROPERTIES OF THE SOLUTION SETS 
In this section, we will examine the solution sets of the EGVIP(K, II, A) under various cir- 
cumstances. First, we have the following concerning closedness of the solution set. 
THEOREM 4.1. Assume that 
(1) K is a nonempty closed set in R”, 
(2) p : K -+ R” is a point-to-set mapping which is upper continuous, uniformly compact and 
A : IR” -+ R” is a continuous single-valued mapping. 
If S = {x* E K 1 there exists a y* E p(x*) such that (z*, y*) is a solution to EGVIP(K, ,LL, A)}, 
then S is a closed set in R”. 
PROOF. If x is a limit point of S, then z E K (for K is closed) and there exists a sequence {x~} 
in 5’ such that lim xn = z. For each xn in the sequence, there exists a yn E p(zn) such that 
R’c% 
for any u E K, (Ay,,u - xn) 2 0. Since p is uniformly compact near 2, the sequence {yn} is 
bounded and thus has a convergent subsequence {y,,}. By abuse of notations, we will still name 
this subsequence as {yn} and its corresponding subsequence of {x~} as {x~}. Let &nmy, = y. 
Then y E p(z) by the upper continuity of /I. Now, for any u E K, (Ay,,u - 2,) 2 0 for any n. 
Since A is continuous, by passing to the limit, we have (Ay, u - x) > 0 for any ‘u. E K. Hence, 
(x, y) is a solution to the EGVIP(K, p, A), i.e., x E S. Therefore, S is closed. 
Note that in Theorem 4.1, ~1 need not be acyclic-valued. Next, we have the following result 
concerning the compactness of the solution set. 
THEOREM 4.2. Assume that K, II, and A are as in Theorem 4.1 with K unbounded. If there 
exists an x0 E K such that 
lim sup sup (Ay, x0 - z) < 0, 
“;g== !&I(z) 
then the set S = {x* E K ) there exists a y* E p(z*) such that (z*, y*) is a solution to 
EGVIP(K, p, A)} is compact. 
PROOF. S is closed by Theorem 4.1. By assumption, there exists an T > 0 such that. for any 
x E K with llxll > T, we have (Ay,zo - r-r) < 0 for any y E p(x). Therefore, such x will not be 
the soution to the EGVIP(K, CL, A). Thus, S 2 K,., which means that S is bounded and hence 
is compact. 
Observe that the condition limsup II~II-~ sup,,,(,)(Ay, z - x0) < 0 in Theorem 4.2 will be 
:rE K 
satisfied if p,J is either bcopositive or strongly copositive at x0 over K. We thus have the 
following. 
COROLLARY 4.1. Assume that K, p, and A are as in Theorem 4.1. If /LA is either b-copositive 
or strongly copositive at x0 over K, then the set S = {x* E K ) there exists a y* E p(z*) such 
that (z*, y*) is a solution to EGVIP(K, II, A)} is compact. 
PROOF. As in the proof of Theorem 3.5, bcopositivity at ~0 over K will lead to 
lim sup sup (Ay, x0 - x) = --00. 
ll”c’\-K= yEfi(z) 
Thus, immediately from Theorem 4.2, we have S compact. On the other hand, since strong 
copositivity implies b-copositivity as remarked previously, S is compact if PA is strongly-copositive 
at zo over K. 
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THEOREM 4.3. Assume that 
(1) K is a nonempty subset of lRn, 
(2) ~1 : K + Rn is a point-to-set mapping and A : Rn + IR” is a single-valued mapping, 
(3) PA is strictly monotone over K. 
Then the set 5’ = {x* E K 1 there exists a y* E I such that (z*, y*) is a solution to the 
EGVIP(K, P, A)} is empty or a singleton. 
PROOF. Assume there are two distinct elements x1 and x2 in S. Since for any x E K, 
(AYI,X - XI) L 0 and (-4~2,~ - 22) 2 0, 
we have 
(&/I - A~2721 - 22) = -(Ay1,x2 - 51) - (Ay2,zl -x2) I 0. 
On the other hand, since PA is strictly monotone, (Ayl - Ay2,xl - ~2) > 0, a contradition. 
Therefore, S has at most one element. 
By employing Theorem 4.3, we have the following uniqueness results. 
THEOREM 4.4. Assume that 
(1) K is a closed convex set in R”, 
(2) p : K + R” is an upper continuous, uniformly compact, and acyclic-valued mapping and 
A : Rn -+ Bn is a continuous single-valued mapping, 
(3) PA is StrictJy monotone over K, 
(4) there exist x* E K and TO > 0 such that for any x E K, 
Then there exists a unique 20 E K with the property that there exists a yr~ E ~(50) such that for 
any x E K, (Aye, x - x0) 2 0. 
PROOF. The result follows directly from Theorem 3.3 and Theorem 4.3. 
THEOREM 4.5. Assume that 
(1) K is a nonempty closed convex set in IP, 
(2) p : K + R” is a point-to-set mapping which is upper continuous, uniformly compact, and 
acyclic-valued, and A : II%* -+ IR” is a continuous single-valued mapping. 
(3) PA is either b-monotone or strongly monotone on K. 
Then there exists a unique x0 E K with the property that there exists a yo E ~(20) such that for 
any 2 E K, (Aye, x - x0) 2 0. 
PROOF. This follows directly from Corollary 3.4 and Theorem 4.3. 
Finally, we will discuss the situation when K is a closed convex cone. First, recall that a subset 
K C P is called a cone if for any x E K and for any X 2 0, we have Xx E K. Also, if C is a 
subset, then C* = {y E Rn ) (y, x) 2 0, for any x E C} is called the polar cone of C. 
THEOREM 4.6. Assume that 
(1) K is a closed convex cone in lRn, 
(2) /I : K -P Wn is a point-teset mapping and A : R” --) R” is a continuous, single-valued 
mapping, 
(3) p is copositive at 0 over K and /LA(O) c int(K’). 
Then the set S = {x* E K 1 there exists a y* E p(x*) such that (x*, y*) is a solution to the 
EGVIP(K, ,CL, A)} is the singleton (0). 
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PROOF. 
(a) PA(O) C int(K*) implies that for any yo E ~(0) and for any x E K, we have (Aye, CT - 0) = 
(AYo,~) > 0 (cf. PI). So, (0,~ 0 ) is a solution to the EGVIP(K, p, A). 
(b) If there exists an X* # 0 in K which is also a solution to EGVIP(K, p, A), then there 
exists a y* E ~(Ic*) such that (Ay*,z - L*) 2 0 for any x E K. Hence, 
(Ay*,O - z*) > 0, i.e., (Ay*,z*) 5 0. (1) 
From copositivity of PA at 0, we have (Ay* - Aye, z* - 0) 2 0, which implies that 
(AY*,x*) L (AYo,x*) > 0. (2) 
(2) contradicts (1). So, there is no solution other than 0. 
From (a) and (b), we have shown that S = (0). 
In [9], it is pointed out that if a point-to-set mapping 4 is pseudomonotone, then y1 E 
4(x1), YZ E $(x2) and (Y 2,21 - Q) > 0 will imply that (~1, ~1 - ~2) > 0. Thus, in case ,uA 
is pseudomonotone over K, we have the following. 
THEOREM 4.7. Assume that 
(1) K is a closed convex cone in R”, 
(2) p : K --) Rn is a point-tcFset mapping which is upper continuous, uniformly compact, and 
acyclic-valued and A : 8%” -+ IEP is a continuous single-valued mapping, 
(3) PA : K -+ Rn is pseudomonotone over K, 
(4) there exist 50 E K, yo E p(zg) such that Aye E int(K*). 
Then the set 5’ = {x* E K ( there exists a y* E p(z*) such that (x*, y*) is a solution to the 
EGVIP(K, CL, A)} is nonempty and compact. 
PROOF. Note that Aye E int(K*) ==+ for any z E K, (Ayo,s) > 0. Hence, (Ayo,~) > 0. Let 
D = {X E K 1 (Aye, X) 5 (Ayo,~)}. Then D is bounded (cf. [9]). Choose T > 0 such that 
D C int(KT). Then for any z E &( K,.), (Aye, z - 20) > 0, and then, by pseudomonotonicity of 
PA, we have (Ay, z - ~0) 2 0. By applying Theorem 3.2, the EGVIP(K, p, A) has a solution. 
Now, for any z E K\D, we have (Aye, 2 - $0) > 0. As remarked earlier, pseudomonotonicity 
of PA implies that (Ay, II: - ~0) > 0, or (Ay, ~0 - X) < 0. Therefore, x is not a solution to the 
EGVIP(K, p,A). We have shown that for any x E K\D, x # S, i.e., 5’ C D. Hence S is 
bounded. From Theorem 4.1, S is also closed. Therefore, S is compact. 
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